An approximate method is used for analyzing the free vibration problem of isotropic and anisotropic right triangular plates with various aspect-ratios and variable thickness. In this paper, a right triangular plate is considered as a kind of equivalent rectangular plate with point supports. Therefore, the free vibration characteristics of any triangular plate can be obtained by analyzing the equivalent rectangular plate. The differential equations of the equivalent rectangular plate with point supports are established based on the first-order shear deformation theory. By transforming the differential equations into integral equations and using numerical integration, the solutions of the partial differential equation can be obtained in discrete form. The Green function, which is the discrete solution for the deflection, is introduced to obtain the characteristic equation of the free vibration. Frequencies and mode shapes are shown for some triangular plates with various aspect-ratio and variable thickness. The effects of boundary conditions and the fibre orientation on the frequency parameters are considered. The efficiency and accuracy of the numerical solutions by the present method are investigated.
Introduction
The free vibration problems of isotropic triangular plates have been studied for many years. Early studies were well compiled in Ref. 1) . Further studies have been done for the past two decades. Gorman 2),3),4) and Saliba 5), 6) analyzed the vibration of isotropic right triangular plates with combinations of clamped and simply supported boundary conditions. The superposition method and the modified superposition method were used respectively. Kim and Dickinson 7) presented a comprehensive analysis of free vibration of isotropic triangular plates with any combination of free, simply supported or clamped boundary conditions. The free vibration of isotropic triangular plates with linearly varying thickness were also studied by Mirza and Bijlani 8) , Liew, Lim and Lim 9) and McGee and Giaimo 10) .
With the increasing use of anisotropic materials in engineering, the study of free vibration problems of anisotropic triangular plates has received more and more attention. The free vibration of orthotropic cantilever triangular plate was analyzed by Kim and Dickinson 7) as one example. The Rayleigh-Ritz method with simple polynomials was used and the lowest six natural frequencies were obtained for the plates with various aspect ratios. Lam, Liew and Chow 11) presented the natural frequencies and mode shapes for the orthotropic right triangular plates with three kinds of boundary conditions. A set of twodimensional orthogonal was used as an admissible displacement function in the Rayleigh-Ritz method. The vibration of anisotropic isosceles triangular plates was analyzed by Malhotra, Ganesan and Veluswami 12) by using the finite element method. Bambill, Laura and Rossi 13) considered the vibration of orthotropic cantilever isosceles triangular plates using the optimized Rayleigh-Ritz method and trigonometric coordinate functions. The first frequency parameter was obtained. But compared with the study of the vibration problems of isotropic triangular plates, the study of the anisotropic plates is rather limited. In this paper, an approximate method is used for analyzing the free vibration of isotropic and anisotropic right triangular plates with various boundary conditions, aspect-ratios and variable thickness. By adding an additional triangular part, a right triangular plate can be considered finally as a kind of rectangular plate with non-uniform thickness and point supports. The thickness of the additional part is extremely thinner than that of the original part. The boundary conditions along the original hypotenuse are enforced by the appropriate use of some intermediate point supports. Therefore, the free vibration characteristics of any right triangular plate are obtained by analyzing an equivalent rectangular plate with non-uniform thickness. The characteristic equation of the free vibration is obtained by using Green function, which is the discrete-form solution 14) for the deflection of the plate with a concentrated load at each discrete point. The frequencies and their mode shapes are shown for some triangular plates with various aspect-ratio and variable thickness. The efficiency and accuracy of the numerical solutions by the present method are investigated.
Discrete Green Function
The coordinate system for an anisotropic plate used in the present study is shown in Fig. 1 . The xyz coordinate system is assumed to have its origin at the corner of the middle plane of the plate. The surfaces of the plate are at z = ±h/2 and h is the thickness of the plate. 1-, 2-and 3-directions are principal axes in the longitudinal, transverse and normal directions, respectively. The differential equations of the plate with a concentrated load P at point (x q , y r ) and point support at each discrete point (x c , y d ) are: Fig. 1 Coordinate system for an anisotropic rectangular plate
where Q x and Q y are the transverse shear forces, M x and M y are the bending moments, M xy is the twisting moment, P 1cd is vertical reaction, P 2cd , P 3cd are moment reactions around x-, y-axes, k = 5/6 is the shear correction factor, δ(x − x q ) and δ(y − y r ) are Dirac's delta functions, A ij is the extensional stiffness (i, j = 4, 5), D ij is the bending stiffness (i, j = 1, 2, 6).
A ij , D ij can be obtained by the following expressions. 
where E 1 is the axial modulus in the 1-direction, E 2 is the axial modulus in the 2-direction, ν 12 is the Poisson's ratio associated with loading in the 1-direction and strain in the 2-direction, ν 21 is the Poisson's ratio associated with loading in the 2-direction and strain in the 1-direction, G 12 , G 23 and G 31 are the shear moduli in 1-2, 2-3 and 1-3 planes. By using the non-dimensional expressions
is the standard bending rigidity, h 0 is the standard thickness of the plate.
The differential Eqs. (1) ∼ (8) can be rewritten as
where [P, P 1cd , P 2cd ,
and F 3ts are given in Appendix A. By dividing a rectangular plate vertically into m equal-length parts and horizontally into n equallength parts as shown in Fig. 2 , the plate can be considered as a group of discrete points which are the intersections of the (m+1)-vertical and (n+1)-horizontal dividing lines. In this paper, the rectangular area, 0 ≤ η ≤ η i , 0 ≤ ζ ≤ ζ j , corresponding to the arbitrary intersection (i, j) as shown in Fig. 2 By integrating the equation (9) over the area [i, j] , the following integral equation is obtained. 
where
are the unit step functions. Next, by applying the numerical integration method, the simultaneous equation for the unknown quantities
The solution X pij of the simultaneous equation (11) is (12) where p = 1 ∼ 8, A pt , B pt , C ptkl and γ pf are given in Appendix B.
In the equation (12), the quantity X pij at the main point (i, j) of the area [i, j] is related to the quantities X tk0 and X t0l at the boundary dependent points of the area and the quantities X tkj , X til and X tkl at the inner dependent points of the area. With the spreading of the area [i, j] according to the regular order as [1, 1] 
, a main point of a smaller area becomes one of the inner dependent points of the following larger areas. Whenever the quantity X pij at the main point (i, j) is obtained by using the equation (12) in the above mentioned order, the quantities X tkj , X til and X tkl at the inner dependent points of the following larger areas can be eliminated by substituting the obtained results into the corresponding terms of the right side of equation (12) . By repeating this process, the equation X pij at the main point is only related to the quantities X rk0 (r=1, 3, 4, 6, 7, 8) and X s0l (s=2, 3, 5, 6, 7, 8) , which are six independent quantities at the each boundary dependent point along the horizontal axis and the vertical axis in Fig. 2 , respectively. The result is
where a pijfd , b pijgd , q f pijcd and q pij are given in Appendix C. The equation (13) gives the discrete solution of the fundamental differential equation (9) of the bending problem of a plate under a concentrated load, and the discrete Green function is chosen as
Equivalent Rectangular Plate of a Triangular Plate
An idea of equivalent rectangular plate is introduced to solve the bending problem of anisotropic right triangular plates. A right triangular plate is quite different from uniform rectangular plates, but it can be translated into equivalent rectangular plates with non-uniform thickness (shown in Fig. 3 ). In order to ensure half part of the equivalent rectangular plate has the same boundary and load conditions as the original triangular plate, some point supports shown by (· · · · · ·) at discrete points along the hypotenuse are used to enforce the boundary conditions along the original hypotenuse, the another half part of the equivalent rectangular plate with two free edges has very thin thickness and there is no load on it. The values of three reactions P 1cd , P 2cd , P 3cd at each point support can be determined by the following conditions.
if original hypotenuse is simply supported. P 1cd = P 2cd = P 3cd = 0, if original hypotenuse is free.
The conditions θ t = θ n = w = 0 mean that the slope around the tangential axis of the line of point supports, the slope around the normal axis of the line of point supports and the deflection at each point support are zero. The conditions M n = θ t = w = 0 mean that the bending moment around the tangential axis of the line of point supports, the slope around the normal axis of the line of point supports and the deflection at point support are zero. The conditions P 1cd = P 2cd = P 3cd = 0 mean that there is no point support along the hypotenuse.
The thickness of the actual part of original right triangular plate is expressed by h, the thickness of additional part of the equivalent rectangular plate is expressed as h t and the thickness at a point on the border line between the actual part and the additional part of the equivalent rectangular plate is taken as (h+h t )/2. The fixed, simply supported and free edges are denoted by the symbols C, S, F, respectively and
Characteristic Equation of Free Vibration of Rectangular Plate with Non-uniform Thickness
By applying the Green function w(x 0 , y 0 , x, y)/P which is the displacement at a point (x 0 , y 0 ) of a plate with a concentrated load P at a point (x, y) and point support at each discrete point (x c , y d ), the displacement amplitudeŵ(x 0 , y 0 ) at a point (x 0 , y 0 ) of the rectangular plate during the free vibration is given aŝ
where ρ is the mass density of the plate material.
The non-dimensional expressions are used as,
P a here ρ 0 is the standard mass density.
By using the numerical integration method, equation (14) is discretely expressed as
From equation (15) homogeneous linear equations in
The characteristic equation of the free vibration of a rectangular plate with variable thickness is obtained from the equation (16) as follows.
Numerical Results
The results for the isotropic and anisotropic right triangular plates are given to show the convergence and accuracy of the numerical solution obtained by the present method. For the isotropic plate, the Poisson's ratio ν = 0.3. For the anisotropic plate, the graphite/epoxy material is used. Its properties are given as E 1 /E 2 = 17.57, G 12 /E 2 = G 13 /E 2 = 0.7, G 23 /E 2 = 0.5, ν 12 = 0.28.
Convergence of Solution
In order to examine the convergence, numerical calculation is carried out by varying the number of divisions m and n. The lowest eight natural frequency parameters of isotropic isosceles CFF plate are shown in Fig. 4 . Fig. 5 is used to determine the suitable thickness ratio h/h t of the original and additional parts. Fig. 6 and Fig. 7 show the convergence for the orthotropic CFF plate. It can be noticed that convergent results can be obtained for CFF plate when m and n are not smaller than 10 and it is sufficient to set the thickness ratio h/h t ≥ 5. So, for CFF plate, the thickness ratio h/h t = 5 is used and the convergent values of frequency parameter are obtained by using Richardson's extrapolation formula for two cases of divisional numbers m (=n) of 10 and 12. By the same method, for SSC and SSS plates, the thickness ratio h/h t = 5 is also used but the convergent values of frequency parameter are obtained by using Richardson's extrapolation formula for two cases of divisional numbers m (=n) of 14 and 16.
Accuracy of Solution
To investigate the accuracy of the results obtained by the present method, frequencies and their mode shapes of isotropic and anisotropic triangular plates Table 4 give the numerical solutions for the lowest five frequencies of isotropic CFF, SSC, SSS and orthotropic CFF plates (b/a = 1). The thickness ratio h/a is equal to 0.01. The mode shapes of isotropic CFF, SSC and orthotropic CFF plates with aspect ratio b/a = 1 are shown in Fig. 8 . The mode shapes of SSS is the same as those of SSC. Table 5 and Table 6 give the natural frequency parameters of and Lam, Liew and Chow 11) . They are in close agreement. Lam [11] present θ (degrees) Frequency   Fig. 12 The lowest three frequencies versus the fibre orientation for anisotropic SSS plate Table 10 give the natural frequency parameters of CFF right triangular plate with variable thickness (α = 0.5) for aspect ratio b/a = 1 and 1.5. The thickness ratio h 0 /a is equal to 0.01. Isotropic and it shows that they agree closely. The five mode shapes of these plates are shown in Fig. 13 and Fig. 14.
(3) CFF Right Triangular Plate with Moderate Thickness
Numerical solutions for the lowest five frequencies of isotropic and orthotropic CFF moderately thick plates with uniform and variable thickness (α = 0.4) are shown in Table 11 ∼ Table 14 . In this analysis, the aspect ratio b/a = 1 and h 0 /a = 0.006 are used. By comparing the present results with those of McGee 10) , it can be seen that a close agreement has been achieved. The mode shapes of these plates are similar to those of the plates with thin thickness.
Conclusions
An approximate method has been used for the free vibration of isotropic and orthotropic right triangular 
